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The following variable-coefficient Sine-Gordon equation was considered in [1]: 
uzt = ~(t) sinu +/~(t)Uxx + k(t)(xux)x. (i) 
Similarity reductions of (1) were considered recently by Tian [2], who used the method of Clarkson 
and Kruskal [3] to obtain two different similarity reductions. In this note, we point out that 
these reductions were wrongly identified in [2] and that in fact they may be obtained from Mlown 
reductions of the standard Sine-Gordon equation after making a change of independent variables 
in (1). 
It is straightforward to show, that  upon setting 
X = xexp ( /  k(t)dt) + f 3(t)exp ( f  k(t)dt) dt, 
T = / c~(t)exp (- / k(t)dt) dr, 
equation (1) is transformed to the standard form 
UXT --~ sin u. (2) 
The problem of finding similarity reductions of (1) is then reduced to the known problem for (2). 
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For similarity reductions of (2), we take 
v( X ,  T) = exp ( iu( X ,  T)  ) 
and consider the equation for v, which is 
1 (v -v  3) =0.  (3) VVXT - -  VXVT + -~ 
Then, in these new independent variables, Reduction I of [2] is just the scaling similarity reduction 
of  (3 ) ,  
v(X,  T) = w(z), z(X,  T) = XT,  
where w satisfies 
w"-  (w')~ w' (w 2 -1)  
+ - -  (4) 
w z z 
Equat ion (4) is a particular case of the third Painlev@ equation, with the particular choice of 
parameters a = -/3 --- 1/2, 3' = 5 = 0, not the second Painlev@ equation as stated in [2]. 
For details on the third Painlev@ equation, its B~icklund transformations, pecial solutions, and 
applications, see [4]. 
The Painlev@ equations are second-order nonautonomous ODEs defining essentially new tran- 
scendental functions; for a review, see [5, Chapter 7]. Reduction I I  of [2] yields an autonomous 
ODE and so cannot be given in terms of the second Painlev@ equation as stated there. In fact, 
in the new independent variables X, T, Reduction II just corresponds to the travelling wave 
solutions of (3), 
v(X, T) = w(z), 
where w satisfies the autonomous ODE 
w"-  (w')~ 
w 
z( X,  T) = x - cT, 
1 
2c (w2-  1) " 
Equat ion (5) may be solved explicitly in terms of elliptic functions, viz 
w(z)  = -4c(go(z) - go(a)), 
where the Weierstrass ~-function (see, e.g., [6]) satisfies 
(go,)2 = 4(go - ~)(go - ~2)(go - e3), 
and the constant a is such that  
el + e2 + e3 : 0, 
go(a) = ej, e2 = (sgo, , ( . ) ) - i ,  
(5) 
for some j.  
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